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We analytically study the electronic structures and optical properties of zigzag-edged black phosphorene
nanoribbons (ZPNRs) utilizing the tight-binding (TB) Hamiltonian and Kubo formula. By solving the discrete
Schordinger equation directly, we obtain the energy spectra and wavefunctions for a N-ZPNRwith N number of
transverse zigzag atomic chains, and classify the eigenstates according to the lattice symmetry. We then obtain
the optical transition selection rule of ZPNRs based on the symmetry analysis and the analytical expressions of
the optical transition matrix elements. Under an incident light linearly-polarized along the ribbon, importantly,
we find that the optical transition selection rule for the N-ZPNR with even- or odd-N is qualitatively different.
In specification, for even-N ZPNRs the inter- (intra-) band selection rule is ∆n =odd (even), since the parity of
the wavefunction corresponding to the nth subband in the conduction (valence) band is (−1)n[(−1)(n+1)] due to
the presence of the C2x symmetry. In contrast, all optical transitions are possible among all subbands due to the
absence of the C2x symmetry. Our findings provide a further understanding on the electronic states and optical
properties of ZPNRs, which are useful in the explanation of the optical experiment data on ZPNR samples.
I. INTRODUCTION
Black phosphorus (BP) is a layered material similar to
graphite with the atomic layers coupled by van der Waals in-
teractions [1–4]. Few-layer [1–5] and monolayer [2, 6–8] BP
(termed as phosphorene) have been fabricated experimentally,
attracted intensive attentions due to their unique electronic
properties and potential applications in nanoelectronics [9–
11]. Unlike graphene, BP is a semiconductor possessing a di-
rect band gap ranging from 0.3 eV to 1.8 eV depending on the
thicknesses of BP samples [8, 11]. The field-effect-transistor
(FET) based on phosphorene is found to have an on/off ratio of
103 and a carrier mobility of 800 cm2/V·s [12]. Sizable band
gap and relatively high mobility in phosphorene bridge the
gap between graphene and transition metal dichalcogenides
(TMDs), which are important for electronics and optoelec-
tronics [9–11]. Inside phosphorene, phosphorus atoms are co-
valently bonded with three adjacent atoms to form a puckered
honeycomb structure due to the sp3 hybridization [13]. Aris-
ing from the low symmetric and high anisotropic structure,
BP exhibits strongly anisotropic electrical [2, 14–17], optical
[8, 11, 18, 19] and transport [20] properties.
The band structure of 2D phosphorene can be well de-
scribed by a four band tight-binding (TB) model [21, 22]. Tai-
loring it into 1D nanoribbons offer us a way to tune its elec-
tronic and optical properties due to the quantum confinement
and unique edge effects [19, 23–27]. The band structure of
phosphorene nanoribbons (PNRs) depends on the edge con-
figurations [19, 23–27]. The armchair-edged PNRs (APNRs)
are semiconductors with direct band gap sensitively depend-
ing on the ribbon width with scaling law of 1/N2 [19, 26, 27],
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while the bare zigzag-edged PNRs (ZPNRs) are metallic re-
gardless of their ribbon width due to the quasi-flat edge states
[23, 25]. In bare ZPNRs, the edge states are entirely de-
tached from the bulk bands and localized at the boundaries.
These edge states result in a relatively large density of states
near the Fermi energy [25, 28]. Further, the band structure
of ZPNRs can be effectively modified by tensile strain [24]
or electric field [24, 25, 29]. Very recently, few-layer ZPNRs
are successfully synthesized in recent experiments [30, 31].
Up to date, various interesting properties have been predicted
for ZPNRs, including those related to transverse electric field
controlled FET [25], room temperature magnetism and half
metal phase [32–34], strain induced topological phase transi-
tion [35], and symmetry dependent response to perpendicular
electric fields [36], etc.
On the other hand, although there are already many re-
search works on 2D phosphorene and its 1D ribbons, the ana-
lytical calculation on the band structure of ZPNR is still lack-
ing. Most of the previous works on this issue are based on the
first-principles calculation [19, 23, 24, 29] or numerical diag-
onalization utilizing the TB model [25, 26]. As well, there
is also less attention has been paid to the optical property of
ZPNR [27, 37], and particularly the optical transition selec-
tion rule in relation to the lattice symmetry and wavefunc-
tion parity are not fully understood. Optical spectrum mea-
surements are fundamental approach to detect and understand
the crystal band structure, which have been successfully per-
formed for 2D phosphorene [11]. To this end, in this work
we theoretically investigate the optical properties of ZPNRs
based on the TB model and the Kubo formula. By solving
the discrete Schordinger equation analytically, we obtain the
electronic structures of ZPNRs and classify their eigenstates
according to the crystal symmetry. We then obtain the opti-
cal transition selection rules of ZPNRs directly based on the
symmetry analysis and the analytical expressions of the op-
tical transition matrix elements. When the incident light is
polarized along the ribbons (see Fig. 1), interestingly, we find
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FIG. 1: Top view of a even-N ZPNR, where the red (blue) spheres
represent phosphorous atoms in the upper (lower) sub-layer with
primitive vectors |a1| = 3.32 Å and |a2| = 4.38 Å of 2D phospho-
rene. The bond length between two adjacent atoms is a=2.207 Å
with bond angle θ=96.79◦. The (black) dashed-line rectangles are
suppercells adopted here for TB diagonalizing calculation.
that the optical selection rules change significantly for a N-
ZPNR with even- or odd-N. In particular, for even-N ZP-
NRs the electronic wavefunction parity of the nth subband in
the conduction (valence) band is (−1)n[(−1)(n+1)] due to the
C2x symmetry, and therefore their inter- (intra-) band selection
rule is ∆n=n − n′=odd (even). For odd-N ZPNRs without C2x
symmetry, in contrast, the optical transitions are all possible
among subbands. Further, the edge states of both even- and
odd-N ZPNRs play an important role in the optical absorp-
tion. Moreover, impurities or external electric field can break
the C2x symmetry of even-N ZPNRs, which consequently en-
hances the optical absorption.
The paper is organized as follows. Sec. II mainly presents
the analytical result. We first repeat the numerical diagonal-
ization procedure to obtain the band structure for the system,
and the detailed analytical calculations on the band structure
with particularity of approaching accurate edge bands are fol-
lowed. Then the wavefunctions, the joint density of states and
the optical conductivity for ZPNRs are expressed. In Sec. III,
we present some numerical examples and discussions on the
band structure and optical absorptions of the ZPNRs. Finally,
we summarize our results in Sec. IV.
II. ELECTRONIC STRUCTURE AND OPTICAL
PROPERTIES
A. Numerical diagonalization on Hamiltonian
The puckered honeycomb structure of phosphorene is
shown in Fig. 1, where the red and blue dots represent phos-
phorous atoms in different sub-layers. There are four atoms
in one unit cell with the primitive vectors |a1| = 3.32 Å and
|a2| = 4.38 Å. The bond length between two adjacent atoms
is a=2.207 Å with bond angle θ=96.79◦ [21]. Tailoring phos-
phorene into 1D nanoribbons along the zigzag direction lead-
ing to ZPNRs. The length of the bond connecting different
sub-layers is 2.207 Å and the layer spacing is l = 2.14 Å. The
integers 1, 2, · · · N describe the number of the zigzag atomic
chains of a ZPNR along its transversal direction. In the TB
framework [21, 22], the Hamiltonian of a phosphorene in the
presence of in-plane transverse and of-plane vertical electric
fields as well as impurities can be generically written as
H =
∑
<i, j>
ti jc
†
i
c j +
∑
i
(
1
2
eEvlµi + eEtyi + Ui)c
†
i
ci, (1)
where the summation 〈i, j〉 runs over all neighboring atomic
sites with hopping integrals ti j, and c
†
i
(c j) is the creation
(annihilation) operator for atom site i( j). It has been shown
that five hopping parameters (see Fig. 1) are enough to de-
scribe the electronic band structure of phosphorene [21] with
hopping energies t1=−1.22 eV, t2=3.665 eV, t3=−0.205 eV,
t4=−0.105 eV, and t5=−0.055 eV. A uniform vertical electric
field Ev will result in a staggered potential elEv between the
upper (µi=1) and lower (µi = −1) sublayers due to the puck-
ered structure [36, 38]. Applying a transverse electric field Et
will shift the on-site energy to eEtyi with yi the atom coordi-
nation in the y-direction, and Ui is the impurity potential.
For a N-ZPNR with the number of zigzag chains N across
the width, by applying the Bloch’s theorem the TB Hamilto-
nian in the momentum space is [39]
H = H00 + H01e
ikxa1 + H
†
01e
−ikxa1 , (2)
where Hamiltonian H00 (H01) describes the intra (inter)- su-
percell [see the (black) dashed-line rectangles in Fig. 1] in-
teractions, kx is the wavevector along the x-direction. In
our calculation, we accordingly choose the basis ordered as
(|1A〉, |1B〉, |2A〉, |2B〉, · · · |mA〉, |mB〉, · · · |NA〉, |NB〉)T to write
done H00 and H01 in the form of (2N×2N) matrix for the super
cell adopted. Then, we can obtain the energy spectrum En,kx
and the corresponding wavefunction |n, kx〉 for the system by
numerical diagonalization. In real space, the wavefucntion
can be formly expressed as
ψn,kx (r) =
N∑
m=1
∑
i=A,B
eikx xm,i√
Lx
cm,i√
2Nπα
e−
(r−Rm,i )2
α , (3)
where r=(x, y) is the electron coordination,
Rm,i=(xm,i, ym,i) is the atomic position vector, {cm,i}T=
[c1A, c1B, c2A, c2B, · · · cNA, cNB]T is the eigenvector of the
Hamiltonian matrix in Eq. (2) with the transpose operator T ,
and α is a Guass broadening parameter. Up to now, the band
structure of ZPNRs is well understood by the first-principles
calculations [19, 23, 24, 29] or numerical TB calculations
[25, 26]. For comparison here, the band structure of our
numerical diagonalization for a 10-ZPNR is shown by the
(black) solid lines in Fig. 2(a), which is in good agreement
with the existed results [25, 26]. We note that there is a little
difference compared with that of the first-principles calcula-
tion [19, 23, 24, 29] due to the relaxation of the edge atoms.
Considering the limitation of the first-principles calculation,
3the TB model can be applied to study the ZPNRs with large
widths. More importantly, we give the analytical solutions
for electronic states and optical transitions in the ZPNRs with
arbitrary widths. In comparison with the previous numerical
calculations [19, 23–26, 29], the analytical results are more
convenient to do further understand in the electronic property
of ZPNRs, i.e., identifying the subband symmetry property
and calculating the optical absorption. Hereafter, we will
present the analytical calculations on the band structure of
ZPNRs in the next subsection.
B. Analytical calculation on electronic structure
In this subsection, we firstly outline a scheme to obtain
the analytical energy spectrum for ZPNRs by solving the TB
model directly. According to the TB approximation, the dis-
crete Schordinger equation for a N-ZPNR is
EφA(m) = t1gkφB(m) + t2φB(m − 1) + t3gkφB(m − 2)
+ t4gk[φA(m − 1) + φA(m + 1)] + t5φB(m + 1),
EφB(m) = t1gkφA(m) + t2φA(m + 1) + t3gkφA(m + 2)
+ t4gk[φB(m − 1) + φB(m + 1)] + t5φA(m − 1).
(4)
where gk=2cos(kxa1/2), φA/B(m) is the wavefuntion of the mth
A/B atom, and the site index m = 0, 1, 2, · · ·N + 1. Since the
0B and (N+1)A sites are missing, we naturally have the hard-
wall boundary condition for ZPNRs as
φB(0) = φA(N + 1) = 0. (5)
According to the Bloch theorem, the generic solutions for
φA(m) and φB(m) can be written as
φA(m) = Aeipm + Be−ipm, φB(m) = Ceipm + De−ipm, (6)
where A, B, C and D are arbitrary coefficients and p the
wavenumber in the transverse direction, which can be defined
by the Schordinger equation combinedwith the boundary con-
dition. Substituting Eq. (6) into (5), the wavefunction φA/B(m)
can be simplified as
φA(m) = A(eipm − z2e−ipm) = AϕA(p,m),
φB(m) = C(eipm − e−ipm) = CϕB(p,m),
(7)
where z = eip(N+1). Meanwhile, substituting Eq. (7) into (4),
we obtain a matrix equation
M
(
A
C
)
= 0, (8)
where M is a 2×2 matrix with elements
M11 =EϕA(p,m) − gkt4[ϕA(p,m − 1) + ϕA(p,m + 1)],
M12 = − [t1gkϕB(p,m) + t2ϕB(p,m − 1)
+ t5ϕB(p,m + 1) + t3gkϕB(p,m − 2)],
M21 = − [t1gkϕA(p,m) + t2ϕA(p,m + 1)
+ t5ϕA(p,m − 1) + t3gkϕA(p,m + 2)],
M22 =EϕB(p,m) − gkt4[ϕB(p,m − 1) + ϕB(p,m + 1)].
The condition for nontrivial solutions of A and C in Eq.
(8), namely [A,C]T , 0, is det(M)=0. However, it is worth to
note that the solutions of p = 0 and ±π should be excluded as
unphysical results because these values of p yield φA/B(m)=0
[see Eq. (7)] for arbitrary m. In other words, electrons are ab-
sent in the system in these cases, which is unphysical. There-
fore, we should find solutions that satisfy det(M)=0 for arbi-
trary m except p = 0, ±π. After some arithmetic, we find that
the equation det(M)=0 yields the following equation
vei2pm + we−i2pm + ξ = 0, (9)
where v, w and ξ are functions of E, kx and p. Generally, Eq.
(9) should be valid for arbitrary m. Thus, the two coefficients
(v and w) of e±i2pm and the constant term ξ should be zero. We
then obtain the energy spectrum for ZPNR as
E = 2gkt4 cos(p) ±
∣∣∣t1gk + t2eip + t5e−ip + t3gke2ip∣∣∣ , (10)
where ± represent the conduction and valence bands, respec-
tively.
On the other hand, from ξ=0, we find a transcendental equa-
tion for the transverse wavevector p which can be determined
by
F(p, N, k) =t1gk sin[p(N + 1)] + t2 sin(pN)
+ t3gk sin[p(N − 1)] + t5 sin[p(N + 2)] = 0.
(11)
This equation implies that the transverse wavenumber p =
p(kx, N) depends not only on the ribbon width N but also
on the longitudinal wavenumber kx. Obviously, we have
F(p, N, k) = −F(−p, N, k), which means that Eq. (11) defines
the same subbands for p ∈ (−π, 0) and p ∈ (0, π). Hence, we
can simply find the solutions of p from Eq. (11) in the later
interval. If t1=t2 and t3 = t5 = 0, Eq. (11) reduces to the
transcendental equation for a zigzag-edged graphene nanorib-
bon (ZGNR) case [40, 41]. Similar to that in a N-ZGNR,
there are only N-1 nonequivalent solutions of Eq. (11) for
p ∈ (0, π), which defines 2N-2 subbands, namely the bulk
states of a ZPNR.
Notably, the two edge states are naturally missing in the
scheme here since the transverse wavevector are purely imag-
inary as is described by Eq. (6). But fortunately we can
restored them by setting p = iβ and do the same procedure
above to obtain the eigenenergy and the corresponding tran-
scendental equation. In this case, the eigenenergy in Eq. (10)
can be rewritten as
E = gkt4(eβ + e−β) ±
√
f (β) f (−β), (12)
where f (β) = t1gk+ t2eβ+ t3gke2β+ t5e−β, with the correspond-
ing transcendental equation expressed by
G(β, N, k) = t1gk sinh[β(N + 1)] + t2 sinh(βN)
+ t3gk sinh[β(N − 1)] + t5 sinh[β(N + 2)] = 0,
(13)
where sinh(x) is the hyperbolic sine function. Obviously, we
have G(β, N, k)=−G(−β, N, k), which means we only need to
find the solution of β for β > 0 case.
4Therefore, according to Eq. (10), we can obtain the band
structure of ZPNRs by this analytical approach. We present
an example of bulk band structure in Fig. 2(a), where the
(red) dashed lines describe the analytical result for 10-ZPNR,
which exactly matches our previous numerical one [see the
(black) solid lines] starting from Eq. (2). In addition, the edge
bands of different 10-, 15- and 30-ZPNR are also shown in
Figs. 2(b-d), where the (black) solid and (blue) dash-dotted
lines represent the numerical and analytical results, respec-
tively. Unfortunately, we can see that the analytical results for
edge states given by Eq. (12) are not in consistent with the nu-
merical ones. This discrepancy was also revealed in a recent
work [42]. We think that the discrepancy mainly originates
from the hopping links t3, t4 and t5, with which their hopping
distances are beyond a zigzag chain (see Fig. 1). This makes
the discrete Schordinger equation (4) is invalid for the edge
atoms, namely m equal to 1 or N. To resolve this problem,
one solution is choosing four atoms to write down Eq. (4) and
double the number of the boundary condition (5). But this
method will enlarge the dimensions of matrix M unavoidably
and make the problem to be quite complicate and difficult to
solve.
Hereby, we propose an efficient solution to eliminate this
discrepancy by simply adding a correction term. Generally,
the two edge states can be described by a 2×2 matrix Hamil-
tonian as
Hedge =
(
h0 hc
h∗c h0
)
, (14)
where h0 describes the two degenerate edge states when the
ribbonwidth N is large, and hc describes the coupling between
the edge states for small N. Based on this argument, according
to Eq. (12), we have h0 = 2t4gk sinh(β) and hc =
√
f (β) f (−β).
The band structure of the edge states in 10-, 15- and 30-ZPNR
given by Eq. (12) are presented by the (blue) dash-dotted lines
in Figs. 2(b-d), respectively. From these figures, we find that
hc is finite for a narrow ribbon as shown in Fig. 2(b) for 10-
ZPNR, but it vanished for the wider ones [e.g., Fig. 2(d) for
30-ZPNR]. This means that hc is suitable to describe the cou-
pling between the edge states. However, there is a observable
discrepancy between the analytical results [Eq. (12)] shown
by the (blue) dash-dotted lines and the numerical ones [the
(black) solid lines] in Figs. 2(b-d). This implies that h0 is un-
suitable to describe the edge states and needs a correction so
as to describe the edge bands accurately. Naturally, we can as-
sume that the correction term is a superposition of the energy
term caused by hopping links (t3, t4, t5) beyond one zigzag
chain, which is expressed as
h′ =
∑
s=+,−
(bs3t3gke
s2β + bs4t4gke
sβ + bs5t5e
sβ), (15)
where the coefficients b+3 = 0.01783, b
−
3 = 0.5739, b
±
4 =
−1.419, b+5 = −0.1345 and b−5 = 8.735. Then the energy
of edge states can be written as
E = h0 + h
′ ± hc. (16)
The analytical edge states expressed by Eq. (16) are also de-
picted by the (red) dashed lines in Figs. 2(b-d). Comparing
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FIG. 2: (a) The band structure of a bare 10-ZPNR, where the
(red/black) dashed/solid lines represent the analytical/numerical re-
sults. The scale-enlarged edge bands for (b) 10-ZPNR, (c) 15-ZPNR
and (d) 30-ZPNR with the comparison of analytical and numerical
results, where the [red (blue)] dashed (dash-dotted) lines represent
the analytical result for the edge bands with (without) the correction
term h′.
them with the numerical data [the (black) solid lines], we find
that they are in excellent agreement with each other regardless
of the ribbon width, which indicates that our method is valid
and reliable.
On the other hand, for the wavefunction (3), owing to the
translational invariance along the x-direction we can rewrite it
in another generic form
ψn,kx(r) =
N∑
m=1
(
CAϕA(p,m)eikxxm,A
CBϕB(p,m)eikxxm,B
)
, (17)
where CA and CB are the normalization coefficient, N the
number of A and B atoms in a super-cell of a ZPNR, and
xA/B,m the x-coordination of the mth A/B atoms. Notably, Eq.
(17) is the wavefunction for the bulk states of ZPNRs. For
edge states, we should replace the transversal wavevector p
by iβ.
As for the wavefunction of even-N ZPNRs, we can obtain
the relation C=∓Az in Eq. (7) from the parity of a ZPNR,
namely φA(N + 1 − m)=±φB(m) [40]. The reason is that the
wavefunction of even-N ZPNRs is either symmetric or anti-
symmetric which is similar to that in ZGNRs [43]. Specif-
ically, combined with the translational invariance along the
x-direction, the wavefuntion of even-N ZPNRs is specified as
ψn,kx (r) =
C√
Lx
N∑
m=1
(
−sz−1ϕA(p,m)eikx xm,A
ϕB(p,m)eikxxm,B
)
=
C′√
Lx
N∑
m=1
( −s sin[p(N + 1 − m)]eikx xm,A
sin(pm)eikx xm,B
)
,(18)
where C′=[
∑N
m=1 sin
2(pm)]−1/
√
2 is the normalization coeffi-
cient, s = ±1 indicates the parity of the subbands. Notably,
5Eq. (18) is the wavefunction for bulk states of even-N ZPNRs.
For edge states, the wavefunction (p=iβ) is
ψn,kx(r) =
Ce√
Lx
N∑
m=1
( −s sinh[β(N + 1 − m)]eikx xm,A
sinh(βm)eikx xm,B
)
, (19)
whereCe=[
∑N
m=1 sinh
2(pm)]−1/
√
2 is also a normalization co-
efficient. On the contrary, owing to the absence of the C2x
symmetry, there is no such a simple expression of wavefunc-
tion for the odd-N ZPNRs.
C. Optical property and transition selection rules
In order to detect the above calculated band structure of
ZPNRs, we study its optical response in this subsection. One
useful physical quantity to understand the optical property is
the joint density of states (JDOS) representing all possible op-
tical transitions among the subbands, which is generally given
by
DJ(ω) =
gs
Lx
∑
n,n′,kx
[ f (En,kx) − f (En′ ,kx)]δ(En,kx − En′,kx + ~ω),
(20)
where the sum runs over all states |n, kx〉 and |n′, kx〉, gs is
2 for spin degree, Lx the ribbon length, ~ω the photon en-
ergy, and f (E) = 1/[exp(E − EF )/kBT + 1] the Fermi-Dirac
distribution function with Boltzman constant kB and tempera-
ture T . Here, we take a Guass broadening 1
Γ
√
2π
exp[−(En,kx −
En′,kx + ~ω)
2/2Γ2] to approximate the δ-function, where Γ is
a phenomenological constant accounting for the energy level
broadening factor. Meanwhile, assuming the incident light
is polarized along the longitudinal (x-) direction, the optical
conductance based on the Kubo formula is given by [44, 45]
σ(ω) =
gs~e
2
iLx
∑
n,n′,kx
[ f (En,kx) − f (En′,kx )]|〈n, kx|vx|n′, kx〉|2
(En,kx − En′,kx )(En,kx − En′,kx + ~ω + iΓ)
,
(21)
where vx= 1i~
∂H
∂kx
is the velocity operator, which is valid and in-
dependent of the band structure model, and |n, kx〉 = φ(r)ϕ(K)
[46] is the total electron wavefunction in a ZPNR. Here φ(r)
is the envelop function which describes the slowly vary-
ing electron sharing movement in the crystal, while ϕ(K) is
the band edge wavefunction (BEW) connecting to the atom
orbits directly describing the fast movement in the crystal.
In a ZPNR, ϕ(K) is composed by |s〉, |px〉, |py〉, and |pz〉
atomic-orbits with different weights [47, 48]. For a lin-
ear polarized light, the optical transition matrix elements
satisfy 〈n, kx|vx|n′, kx〉=〈ψn,kx |vx|ψn′,kx〉〈ϕn(K)|ϕn′(K)〉. Obvi-
ously, vn,n′(kx)=〈ψn,kx |vx|ψn′,kx〉 determines the optical transi-
tion selection rules. A zero matrix element vn,n′(kx) means
a forbidden transition. The inner product between the two
BEWs is subband dependent, with which only affects the am-
plitude of the optical conductance but does not change the op-
tical selection rules. We take the inner production around the
Γ-point (〈ϕn(Γ)|ϕn′(Γ)〉) as an approximation and treat it as a
constant. This approximation has also been used in the pre-
vious work [18] for 2D phosphorene. We have omitted this
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FIG. 3: The band structures of bare (a)10-ZPNR and (c)11-
ZPNR, where the (red/blue) dashed/solid lines represent the sym-
metric/antisymmetric states. (b) and (d) show the spatial distribution
of the wave function of the subband nv = 1 (left panel) and nc = 1
(right panel) corresponding to the states at kx=0 indicated by the red
and blue dots in (a) and (c), respectively.
constant in our calculations because the specific expression of
the BEWs in ZPNRs are currently unknown. This approxima-
tion would not change the essential physics, i.e., the even-odd
dependent optical selection rule, reported here. Note that in
some topological none-trivial system, the dipole optical ma-
trix result in the winding number [49, 50]. But there is no such
an effect in phosphorene because it is a topologically trivial
system. The real part of σ(ω) indicates the optical absorption
when an laser beam incidents on the sample. Moreover, we
can obtain the dielectric function ε(ω) from optical conduc-
tance by using ε(ω)=1+ 4πi
ω
σ(ω) [51].
In optical transition process, selection rules determined
by the matrix elements vn,n′(kx) are the most important in-
formation. The integral of the velocity matrix elements
Vn,n′=
∫
dkx|vn,n′(kx)|2 is proportional to the optical transition
probability between the nth and n′th subbands. Generally, the
selection rule is always constrained by the symmetry of the
system. Hence, in order to obtain a general optical selection
rule for ZPNRs, we firstly check their lattice symmetry. Ac-
cording to Fig. 1, we find the lattice symmetry of a N-ZPNR
is even-odd-N dependent. In particular, the even-N ones have
a C2x(x, y, z)→(x,−y,−z) operator with respect to the ribbon
central axis (see the dotted horizontal line in Fig. 1). This
is equivalent to the symmetry operator σzxσxy, where σzx and
σxy are the mirror symmetry operators corresponding to the
xoz and the xoy planes, respectively. However, the odd-N ones
do not have this symmetry. In even-N ZPNRs, the constraint
on the eigenstates 〈x, y, z|n, kx〉 imposed by C2x symmetry is
C2x〈x, y, z|n, kx〉=〈x,−y,−z|n, kx〉. Assuming λ is the eigen-
value of C2x operator, we have
〈x, y, z|n, kx〉 = (C2x)2〈x, y, z|n, kx〉 = λ2〈x, y, z|n, kx〉. (22)
Then we obtain λ2=1, i.e., λ=±1, where +/− means the
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FIG. 4: The integral of the optical transition matrix elements
Vn,n′=
∫
dkx |vn,n′ (kx)|2 for (a) the nv=1 subband to the nc=1 one and
(b) the nv=2 subband to the nc=2 one as a function of the ribbon
width N, where the insets show the amplified picture of Vn,n′ on rib-
bon width with large N.
even/odd parity provided by the C2x operator. This indicates
that 〈x, y, z|n, kx〉 is either symmetric or antisymmetric along
the y and z directions, namely 〈−y,−z|n, kx〉=±〈y, z|n, kx〉.
Thus, we can classify the eigenstates for even-N ZPNRs as
even or odd parity according to the eigenvalues of the C2x op-
erator.
In order to confirm the above argument on the symmetry
and parity for the systems, we present the band structure and
the wavefunction in real space of the first subband in the con-
duction and valence bands for 10- and 11-ZPNR in Figs. 3(a-
b) and 3(c-d), respectively. The wavefunction corresponding
to states indicated by the red (blue) dots in Figs. 3(a) and
3(c) are shown in the left (right) panels in Figs. 3(b) and
3(d), respectively. According to the left (right) panel in Fig.
3(b), we find that the first subband in the conduction (valence)
band is even (odd) under C2x transformation. By checking
the eigenstates in other subbands, we observe that the parity
of wavefunctions varies alternatively from odd [(blue) solid
lines] to even [(red) dashed lines] with the increase of sub-
band index n. This is consistent with the previous results ob-
tained by the first-principles calculation [19, 27]. Hence, the
parity of the subband in the conduction (valence) band is re-
lated to its subband index via (−1)n[(−1)(n+1)]. Further, un-
der the C2x operation, the velocity operator vx is even, i.e.,
C2x : vx → vx. Hence, we obtain the condition for none zero
matrix element vn,n′(kx) is that the parity of the initial (|n, kx〉)
and final (|n′, kx〉) states are the same. In other words, only the
transitions among the states with identical parity are allowed.
This can also be verified by calculating the optical transition
matrix element. For example, using the relation v = i
~
[r, H]
combined with the wavefunction Eq. (18), the inter-band op-
tical transition matrix element between the bulk states is [51]
〈ψv|vx|ψc〉 =
i
~
〈ψv|Hx − xH|ψc〉, (23)
ψc/v is the wavefunction in Eq. (18) or (19). After some alge-
bra, we have
〈ψvn,kx|vx|ψcn′ ,kx〉 =
{
i
~
C′2
Lx
(At1 + At3 + At4), s
′ = s
0, s′ , s,
(24)
where
At1 = −4it1b sin(bkx)
N∑
m=1
sin(pm) sin[p′(N + 1 − m)],
At3 = −4it3b sin(bkx)
N−2∑
m=1
sin(pm) sin[p′(N − 1 − m)],
At4 = 8it4b sin(bkx) cos(p
′)
N∑
m=1
sin(pm) sin(p′m).
Here b = a1/2 and the detailed calculations on Eq. (24) are
presented in the Appendix A.
From Eq. (24), we can explicitly find that only the inter-
band transition between the bulks states with the same sym-
metry are allowed. Using the wavefunction in Eq. (19), we
can obtain the same selection rules s = s′ for the transition
between the edge bands as well as that between the bulk bands
and edge bands. Hence, we conclude that only the transitions
between the subbands with same parity are allowed. Conse-
quently, in even-N ZPNRs, the inter (intra)-band selection rule
is ∆n=n − n′=odd (even). This is in good agreement with the
above analysis based on the lattice symmetry. It is important
that although the band structure of odd-N ZPNRs is similar to
that of even-N ones as shown in Fig. 3(c), the optical selec-
tion rule is qualitatively different from that for even-N ZPNRs.
According to the left (right) panel in Fig. 3(d), by checking
the eigenstates within the whole band, we know that there is
no subband owning definite parity in 11-ZPNR due to the ab-
sence of C2x symmetry. Thus, the optical transitions in odd-N
ZPNRs between two arbitrary subbands are all possible. In or-
der to illustrate the even-odd dependent optical selection rule
more clearly, in Fig. 4 we show the integral of the optical tran-
sition matrix elements Vn,n′ as a function of the ribbon width
N, where (a) for Vnv=1,nc=1 and (b) for Vnv=2,nc=2, respectively,
and the insets show the amplified picture of Vn,n′ on ribbon
width with large N. Physically, Vn,n′ is proportional to the op-
tical transition probability between the nth and n′th subbands.
According to the figure, we find that the transition probability
oscillates with the ribbon width N and shows an even-odd N
dependent feature. The transitions between the subband nv=1
(2) and nc=1 (2) are forbidden in even N-ZPNRs due to the
presence of the C2x symmetry. In contrast, the transitions be-
tween the subband nv=1 (2) and nc=1 (2) are allowed in odd
N-ZPNRs due to the absence of the C2x symmetry. This even-
odd dependent selection rule is also reflected in the optical
absorption spectrum which will be discussed in the nest sec-
tion.
III. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we present some numerical examples for the
optical absorption spectrum of ZPNRs and discuss the corre-
sponding results. We take N=10 and 11 to represent the even
and odd cases, respectively, which would not qualitatively in-
fluence the results here. The temperature is 4 K and the level
broadeningΓ is 4 meV throughout the calculation unless spec-
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FIG. 5: The inter-band JDOS [(red) dash-dotted lines] and the optical
absorption [(blue) solid lines] as a function of the incident photon
energy with σ0 = 2e2/h for (a) 10-ZPNR and (b) 11-ZPNR. The
Fermi level EF is chosen as −0.3086 eV lying between the two bands
of edge states. The peaks (labeled by 1, 2, · · · 6) are associated
with the subband transitions illustrated in Fig. 2(a). (c) The optical
absorption spectra for 20-ZPNR [(orange) solid line] and 21-ZPNR
[(purple) dashed line].
ificated. In all following figures, the green solid line (if avail-
able) indicates the Fermi level.
As discussed in Sec. IIC, the inter- (intra-) band optical
transition selection rule in even-N ZPNRs satisfies ∆n=n −
n′=odd (even) due to the C2x symmetry. On the contrary,
the optical transitions in odd-N ZPNRs between two arbitrary
subbands are all possible resulting from the C2x symmetry
breaking. Keeping this in mind is important to understand
the optical properties of even-N ZPNRs. Fig. 5 shows the
inter-band JDOS and the optical absorption spectrum for (a)
10-ZPNR and (b) 11-ZPNR with Fermi energy EF = −0.3086
eV lying between the edge states, respectively. As shown by
the (red) dash-dotted line in Fig. 5(a), we see peaks in the
JDOS spectrum at different photon energy known as van Hove
singularities. The JDOS peaks range from the mid-infrared
(155-413meV) to the visible region due to the edge states and
the quantum confinement, which is different from that of 2D
phosphorene case [11]. However, there is no optical absorp-
tion around zero frequency, which is contradict to the fact that
ZPNRs are metallic. The reason is that the transition between
the edge states is forbidden by the C2x symmetry in even-N
ZPNRs since their parities are different from each other. Com-
pared with the JDOS, we find that more peaks are missing in
the optical absorption spectra Reσ(ω) [the (blue) solid line]
due to the optical selection rule ∆n=odd arising from the C2x
symmetry, which is similar to that in ZGNRs [41, 52, 53].
The remained optical absorption peaks (labeled by 1, 2, · · · 6)
originating from the allowed transitions contributed by sub-
bands with the same parity which are schematically illustrated
in Fig. 3(a). In contrast, as shown in Fig. 5(b), the optical
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FIG. 6: The intra-band JDOS [(red) dash-dotted lines] and the opti-
cal absorption [(blue) solid lines] as a function of the incident pho-
ton energy for (a) 10-ZPNR and (b) 11-ZPNR. The band structure
and the corresponding optical transitions are shown in (c) and (d)
for 10-ZPNR (EF=−4.0351 eV) and 11-ZPNR (EF=−3.7241 eV),
respectively.
transitions among subbands are all possible for 11-ZPNR ow-
ing to the C2x symmetry breaking. All the optical absorption
peaks appear one to one correspondence to the JDOS. Owing
to the edge states, the absorption peaks range from the mid-
infrared to the visible frequency, etc. However, the absorption
peak in the mid-infrared frequency (the first peak) disappears
for wider ribbons as shown in Fig. 5(c), which is different
from that in ZGNRs [41, 52, 53]. The reason comes from
two sides: i) the edge states become degenerate for wider ZP-
NRs and ii) unlike that in ZGNRs, the edge states of ZPNRs
are slightly dispersed [see Fig. 3(a)] due to the electron-hole
asymmetry. This fact means that only two kx states contribute
to the optical absorption for a certain Fermi level, leading to
zero optical conductance. Again, from Fig. 5(c), we find that
there are more absorption peaks for 21-ZPNR than that of the
20-ZPNR arising from theC2x symmetry breaking. Moreover,
it should be noted that there is a little discrepancy between the
JDOS peaks and the optical absorption peaks because that the
optical transition matrix element vn,n′(kx) depends on the sub-
bands’ derivatives ∂E/∂kx .
Figure 6 shows the intra-band JDOS [(red) dash-dotted
line] and optical absorption spectrum [(blue) solid line] for
(a) 10-ZPNR and (b) 11-ZPNR with the corresponding band
structures and Fermi levels shown in (c) and (d), respectively.
As depicted in Fig. 6(a), the first JDOS peak for 10-ZPNR
located at ~ω =0.604 eV comes from the transition between
the nv=6 subband and the nv=5 one. But there is no ab-
sorption peak at the same frequency because the parities of
the two subbands are different [see Fig. 6(c)] and the tran-
sitions are forbidden by the C2x symmetry. In other words,
this transition violates the intra-band optical transition selec-
tion rule (∆n=even) for even-N ZPNRs. By the same to-
ken, the second and third JDOS peaks are contributed by
the transitions between the subbands with the same parities
[see Fig. 6(c)], hence the corresponding absorption peaks
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FIG. 7: The inter-band JDOS [(red) dash-dotted line] and optical ab-
sorption spectrum [(blue) solid line] for (a) 10-ZPNR (EF=-0.31 eV)
and (b) 11-ZPNR (EF = −0.2747 eV) with a uniform vertical elec-
tric field Ev=0.1V/Å, respectively, where the (black) dash line is the
absorption spectrum for bare ZPNRs. The band structures of 10- and
11-ZPNRs under electric field are shown in (c) and (d), respectively,
where the Fermi levels for both cases are lying between the two edge
states.
appear [see the (blue) solid line]. On the contrary, we find
that the optical absorption peaks are almost presented for 11-
ZPNR [see Fig. 6(b)] arising from the C2x symmetry break-
ing which means that the all optical transitions are principally
possible among all subbands. The corresponding transitions
are shown in Fig. 6(d). On the other hand, some of the
matrix elements 〈n, kx|vx|n′, kx〉 may be tiny (weak), i.e, the
〈6(7), kx|vx|4(5), kx〉, and the corresponding absorption peaks
are missing in this case [see Fig. 6(b)].
Next, we turn to the effect of externally applied electric field
on the optical property of ZPNRs. Fig. 7 depicts the inter-
band JDOS [(red) dash-dotted line] and optical absorption
spectra [(blue) solid line] for (a) 10-ZPNR and (b) 11-ZPNR
under a uniform vertical electric field (VEF) with strength
Ev=0.1V/Å, where the corresponding band structures with the
optical transition indications are shown in (c) and (d), respec-
tively. The Fermi level for both cases are lying between the
edge states. In real experiment, the VEF corresponding to the
top gate or substrate effect. It maybe be generated by using the
polar semiconductors interface [54]. Owing to the puckered
lattice structure of ZPNRs, the band structure of the ZPNR
under a VEF is even-odd dependent [36] since the edge states
of even (odd)-N ribbons located on the different (same) sub-
layers. The VEF opens a gap between the two edge bands
for even ribbons [see Fig. 7(c)], but for odd ones the two
edge bands are always (nearly) degenerated [see Fig. 7(d)].
Further, the VEF also breaks the C2x symmetry in even-N
ZPNRs. These features are also reflected in the optical ab-
sorption spectrum. From Fig. 7(a), we find that several extra
absorption peaks [the (blue) solid line] appear due to the C2x
symmetry breaking by the VEF compared with the bare 10-
ZPNR [see the (black) dashed line]. Especially, the first ab-
sorption peak in mid-infrared frequency is greatly enhanced
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FIG. 8: The inter-band JDOS [(red) dash-dotted line] and optical
absorption spectrum [(blue) solid line] for 10-ZPNR with impurities
localized at (a) one edge (the 1st atomic row) with EF=-0.1954 eV
and (b) the center (the 10th row) with EF = −0.3058 eV, respectively,
where the impurity potential Ui is 0.5 eV and 1.5 eV corresponding to
(a) and (b), and the (black) dashed line indicates the optical spectrum
of a pristine 10-ZPNR. While (c) and (d) respectively to (a) and (b)
but for band structure.
due to the degeneracy lifting of the edge states. In compar-
ison, as shown in Fig. 7(b), the absorption spectrum of 11-
ZPNR is slightly changed compared to the bare case [also see
the (black) dashed line] since the band structure is nearly un-
affected by the VEF. These features offer a useful approach to
identify the even-odd property of ZPNR samples by experi-
mentally detecting the optical absorption under VEF.
Experimentally, it is difficult to avoid impurities and defects
in samples. This may consequently affect the optical proper-
ties of ZPNRs by changing the band structure or breaking the
C2x symmetry. Figs. 8 (c) and 8(d) show the band structure
of 10-ZPNR with impurities distributing on its one edge (the
1st atomic row) and the center (the 10th row), respectively,
where we have defined a N-ZPNRwith 2N atomic rows. For a
zigzag chain of ZPNR there are two phosphorus atomic rows,
hence a N-ZPNR has 2N rows. We model the impurity ef-
fect by adding a impurity potential Ui to the on-site energy
of the corresponding impurity atoms, which is widely used in
previous works [55, 56]. As shown in Fig. 8(c) for impuri-
ties located on the edge, we find that the nearly degenerated
edge states are separated [see the (orange) solid line] due to
the variation of the on-site energies, but the other subbands
remain unchanged. This is consistent with the result obtained
by the first-principles calculation [57, 58]. On the contrary,
comparing Fig. 8(d) with Fig. 3(a), as impurities localized
on the center the subband contributed by the impurities are
shifted [see the (orange) solid line] but the other subbands re-
main unchanged. This means that the impurities only have a
local effect on the electronic structure of a ZPNR. But, they
will play an important role in the optical absorption spectrum
because of the lattice symmetry breaking. Figs. 8(a) and 8(b)
show the inter-band JDOS [(red) dash-dotted line] and optical
absorption spectrum [(blue) solid line]for 10-ZPNR with im-
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FIG. 9: The inter-band JDOS [(red) dash-dotted line] and optical ab-
sorption spectrum [(blue) solid line] for (a) 10-ZPNR (EF = −0.2228
eV) and (b) 11-ZPNR (EF = −0.2151 eV) under a uniform TEF
with strength Et=0.008 V/Å, respectively, where the Fermi level for
both cases are lying between the two edge states and the (black) dash
line represents the absorption spectrum for bare ZPNRs. The band
structures of 10- and 11-ZPNR under TEF are shown in (c) and (d),
respectively.
purities located at its one edge (the 1st atomic row) with EF=-
0.1954 eV and the center (the 10th row) with EF = −0.3058
eV, respectively. The impurities localized at the edge break the
C2x symmetry since the wavefunctions corresponding to most
of the subbands are partially distributed on the edge. Hence,
we observe the first and some extra optical absorption peaks
reappeared [see the (blue) solid line] compared with the pris-
tine 10-ZPNR shown in Fig. 8(a) [(black) dash line]. This is
similar to that of the VEF effect discussed above. Similarly,
from Fig. 8(b), we also find some extra peaks when the im-
purities localized at the center. However, the absorption peak
at the mid-infrared frequency (the first peak) is still missing
although the C2x symmetry is broken in this case. The rea-
son is that the edge states are mainly localized on the edge
atoms, in consequence the band structure is nearly unaffected
by the impurities localized on the center atoms. For 11-ZPNR,
the optical absorption spectrum is just slightly changed by the
impurities, hence we do not present the result here for saving
space.
Finally, a transverse electric field (TEF) can induce a Stark
effect (potential difference) arising from the finite width of
ZPNRs [25], which can make a significant change of the band
structure, especially the edge bands. And this effect has been
experimentally observed for few-layer BPs [59]. As a re-
sult, this can also change the optical properties of ZPNRs
by breaking the C2x symmetry. Therefore, Fig. 9 displays
the inter-band JDOS [(red) dash-dotted line] and optical ab-
sorption spectrum [(blue) solid line] for (a) 10-ZPNR and (b)
11-ZPNR under a uniform TEF with strength Et=0.008 V/Å.
And the corresponding band structures are shown in Figs. 9(c)
and 9(d), respectively. As shown in the figure, we find that
in the presence of the TEF the optical absorption peaks are
shifted compared to the bare ribbons [see the (black) dashed
line]. In Figs. 9(c) and 9(d), unlike the VEF case, we can
see the degeneracy of the edge states for 10- and 11-ZPNR
are both lifted by the Stark effect. Owing to the C2x symme-
try breaking, all possible absorption peaks in 10-ZPNR cor-
responding to the JDOS appear [see Fig. 9(a)], which means
that the optical absorption of 10-ZPNR is greatly enhanced,
especially the absorption peak in the mid-infrared frequency.
Further, the first absorption peak for both 10- and 11-ZPNR
is greatly enhanced due to the degeneracy lifting as show in
Figs. 9(a) and 9(b). Hence we conclude that the effect of TEF
on the optical absorption in ZPNRs is different from that of
the VEF or impurity. A TEF can induce different potentials
on all atoms within a super-cell, which leads to a global C2x
symmetry breaking.
IV. SUMMARY
In summary, we have theoretically studied the electronic
and optical properties of ZPNRs under a linearly polarized
light along the longitudinal direction based on the TB Hamil-
tonian and Kubo formula. We have obtained analytically the
energy spectra of ZPNRs and the optical transition selection
rules based on the lattice symmetry analysis. Owing to the
C2x symmetry, the eigenstates of even-N ZPNRs are trans-
versely either symmetric or antisymmetric, which makes their
optical response qualitatively different from that of the odd-
N ones. In particular the inter (intra) -band selection rule for
even-N ZPNRs is ∆n = odd (even) since the parity factor of
the wavefunction corresponding to the conduction (valence)
band is (−1)n[(−1)(n+1)] (with the subband index n) provided
by the C2x symmetry. For odd-N ZPNRs, however, the all
optical transitions are possible among all subbands. Further,
the edge states play an important role in the optical absorp-
tion and are involved in many of the absorption peaks. The
optical absorption of even-N ZPNRs can be enhanced by the
substrate and impurity effect as well as the transverse electric
field via breaking theC2x symmetry. While the optical absorp-
tion of odd-N ones can be effectively tuned by lattice defects
or external electric fields. Our findings provide a further un-
derstanding on the electronic states and optical properties of
ZPNRs, which are essential for the explanation of the optical
experiment data on ZPNR samples.
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Appendix A
In this appendix, we calculate the optical transition matrix
elements in Eq. (24). Utilizing the relation v = i
~
[r, H] com-
bined the wavefunction in Eq. (18), the optical matrix element
can be written as [51]
〈ψv|vx|ψc〉 =
i
~
〈ψc|Hx − xH|ψv〉, (A1)
ψc/v is the wavefunction in Eq. (18) or (19). According to Eq.
(18), the transition matrix element between the bulk states is
〈ψvn,kx |vx|ψ
c
n′,kx〉 =
C′2
Lx
i
~
N∑
m=1
N∑
n=1
{
(xA,n − xA,m)e−ikx xA,m eikx xA,n ss′ sin[p(N + 1 − m)] sin[p′(N + 1 − n)] 〈Am|H |An〉
+ (xB,n − xB,m)e−ikx xB,m eikx xB,n sin(pm) sin(p′n) 〈Bm| H |Bn〉
− s(xB,n − xA,m)e−ikx xA,m eikx xB,n sin[p(N + 1 − m)] sin(p′n) 〈Am| H |Bn〉
− s′(xA,n − xB,m)e−ikx xB,m eikx xA,n sin(pm) sin[p′(N + 1 − n)] 〈Bm|H |An〉
}
,
(A2)
where m(n) is the atom site index, and s(s′) indicates the parity of the subbands. There are five hoppings, including 〈Am| H |Bn〉 =
〈Bm|H |An〉 = t1 for n = m, 〈Am|H |Bn〉 = 〈Bm| H |An〉 = t2 for n = m ± 1, 〈Am|H |Bn〉 = 〈Bm| H |An〉 = t3 for n = m ± 2,
〈Am|H |Bn〉 = 〈Bm|H |An〉 = t4 for n = m ± 1, and 〈Am|H |Bn〉 = 〈Bm|H |An〉 = t5 for n = m ± 1. Then, Eq. (A2) can be written as
〈ψvn,kx |vx|ψcn′,kx〉 =
i
~
C′2
Lx
(At1 + At3 + At4), (A3)
where At1 , At3 and At4 represent the term of transition matrix related to the hopping t1, t3 and t4, and the corresponding term can
be written as
At1 = −
N∑
m=1
s{t1beikxb sin[p(N + 1 − m)] sin(p′m) − t1be−ikxb sin[p(N + 1 − m)] sin(p′m)}
+ s′{t1beikxb sin(pm) sin[p′(N + 1 − m)] − t1be−ikxb sin(pm) sin[p′(N + 1 − m)]}
= − 2it1b sin(bkx)
N∑
m=1
{s sin[p(N + 1 − m)] sin(p′m) + s′ sin(pm) sin[p′(N + 1 − m)]},
(A4)
where the sum of m runs from 1 to N. Defining, n = N + 1 − m, we find n also runs from 1 to N when mǫ[1, N]. Applying the
summation transform n = N + 1 − m, At1 can be rewritten as
At1 = − 2it1b sin(bkx){
N∑
n=1
s sin(pn) sin[p′(N + 1 − n)] +
N∑
m=1
s′ sin(pm) sin[p′(N + 1 − m)]}
=
{
−4it1b sin(bkx)
∑N
m=1 sin(pm) sin[p
′(N + 1 − m)], s = s′
0, s , s′.
(A5)
Meanwhile, the term At3 is
At3 = −
N∑
m=3
s{beikxb sin[p(N + 1 − m)] sin[p′(m − 2)]t3 − be−ikxb sin[p(N + 1 − m)] sin[p′(m − 2)]t3}
−
N−2∑
m=1
s′{beikxb sin(pm) sin[p′(N + 1 − m − 2)]t3 − be−ikxb sin(pm) sin[p′(N + 1 − m − 2)]t3}
= − 2ib sin(bkx)t3{
N∑
m=3
s sin[p(N + 1 − m)] sin[p′(m − 2)] +
N−2∑
m=1
s′ sin(pm) sin[p′(N + 1 − m − 2)]},
(A6)
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in this case, the atoms at the edges should be excluded because the hopping links of t3 is beyond one zigzag chain. Applying
similar summation transform in At1 to At3 , we have
At3 = − 2ib sin(bkx)t3{
N−2∑
n=1
s sin(pn) sin[p′(N + 1 − n − 2)] +
N−2∑
m=1
s′ sin(pm) sin[p′(N + 1 − m − 2)]}
=
{
−4it3b sin(bkx)
∑N−2
m=1 sin(pm) sin[p
′(N − 1 − m)], s = s′
0, s , s′.
(A7)
Finally, the At4 term is
At4 =
N∑
m=1
{ss′beikxb sin[p(N + 1 − m)] sin[p′(N + 1 − m + 1)]t4 + ss′beikxb sin[p(N + 1 − m)] sin[p′(N + 1 − m − 1)]t4
− ss′be−ikxb sin[p(N + 1 − m)] sin[p′(N + 1 − m + 1)]t4 − ss′be−ikxb sin[p(N + 1 − m)] sin[p′(N + 1 − m − 1)]t4
+ beikxb sin(pm) sin[p′(m − 1)]t4 + beikxb sin(pm) sin[p′(m + 1)]t4
− be−ikxb sin(pm) sin[p′(m − 1)]t4 − be−ikxb sin(pm) sin[p′(m + 1)]t4
=
N∑
m=1
4it4b sin(bkx) cos p′{ss′ sin[p(N + 1 − m)] sin[p′(N + 1 − m)] + sin(pm) sin(p′m)}.
(A8)
Here, we have used the relation sin(x) + sin(y) = 2 sin[(x + y)/2] cos[(x − y)/2] to simplify it. Similarly, replacing all the
summation index N + 1 − m with n, we obtain
At4 =
N∑
n=1
4iss′t4b sin(bkx) sin(pn) sin(p′n) cos p′ +
N∑
m=1
4it4b sin(bkx) sin(pm) sin(p′m) cos p′
=
{
8it4b sin(bkx) cos p′
∑N
m=1 sin(pm) sin(p
′m), s = s′
0, s , s′.
(A9)
Therefore, the transition matrix elements is
〈ψvn,kx |vx|ψ
c
n′ ,kx〉 =
{
C′2
Lx
i
~
(At1 + At3 + At4), s
′ = s
0, s′ , s,
(A10)
where
At1 = −4it1b sin(bkx)
N∑
m=1
sin(pm) sin[p′(N + 1 − m)],
At3 = −4it3b sin(bkx)
N−2∑
m=1
sin(pm) sin[p′(N − 1 − m)],
At4 = 8it4b sin(bkx) cos(p
′)
N∑
m=1
sin(pm) sin(p′m).
From Eq. (A10), we can explicitly find that only the inter band transition between the bulks states with the same symmetry are
allowed. Using the wavefunction in Eq. (19), we can obtain the same selection rules s = s′ for the transition between the edge
bands as well as the bulk bands to the edge bands. Hence, in even-N ZPNRs, we conclude that only the transitions between the
subbands with same parity are allowed.
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